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Enabling the self-contained refrigerator to work beyond its limits
by filtering the reservoirs∗
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In this paper, we study the quantum self-contained refrigerator [N. Linden, S. Popescu and P.
Skrzypczyk, Phys. Rev. Lett. 105, 130401 (2010)] in the strong internal coupling regime with
engineered reservoirs. We find that if some modes of the three thermal reservoirs can be properly
filtered out, the efficiency and the working domain of the refrigerator can be improved in contrast to
the those in the weak internal coupling regime, which indicates one advantage of the strong internal
coupling. In addition, we find that the background natural vacuum reservoir could cause the filtered
refrigerator to stop working and the background natural thermal reservoir could greatly reduce the
cooling efficiency.
PACS numbers: 05.30.-d, 03.65.Ta, 03.67.-a, 05.70.-a
I. INTRODUCTION
Thermodynamics, as an important branch of physics,
mainly deals with the properties of thermodynamic mo-
tion and the rules of the macroscopic-scale physical sys-
tems. When the physical nature is down to the quantum
level, quantum mechanics has to be taken into account in
the research of the thermodynamic laws, which leads to
the emergence of the quantum thermodynamics [1, 2]. In
the last decades, increasing interests were drawn to the
various quantum thermal machines [3–8] such as quan-
tum engines [9–18], quantum refrigerators [19–24] and so
on. In particular, the self-contained quantum refrigera-
tor proposed in Ref. [24] reduced the complexity of a
refrigerator to its extreme, and enabled the refrigerator
to act as simple as a single logic gate [25]. It was even
shown that the self-contained refrigerator can get as close
as the Carnot efficiency [26]. Recently the self-contained
quantum thermal machines have also attracted wide at-
tention in many aspects [27–35]. For example, the roles
of quantum information resources such as entanglement,
quantum discord and coherence in this refrigerator have
been studied, respectively, in Refs. [28, 32, 33]. The ther-
modynamic behaviors and the efficiency with the strong
internal coupling have been addressed in Ref. [34]. In
addition, a wide variety of other self-contained refriger-
ator and autonomous thermal engine models have also
been proposed [35, 42–47].
The self-contained refrigerator [24] including three
weakly-interacting qubits only interacts with thermal
reservoirs of different temperatures. No external source
of work or control such as time-dependent Hamiltonians
and prescribed unitary transformations is required. Al-
though the weak three-qubit interaction is one crucial
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FIG. 1. Three coupled qubits interact separately with their
reservoirs denoted by H, R and C of different temperatures
labeled by TH , TR and TC . Between each qubit and its reser-
voir is there a (maybe conceptual) filter which only allows
some modes with certain frequencies in the reservoir to inter-
act with the qubit and filers other modes out. The arrows in
the figure represent the channels by which the three qubits in-
teract with their reservoirs. Experimentally, the filtered ther-
mal reservoir in some cases might be realized by a gas noise
lamp and the filter by a wave guide cutting off the certain
frequencies [9].
dynamical mechanism to enable the refrigerator to work,
the previous attempt [34] showed that that enhancing the
interaction alone between the three qubits seemed not to
bring the obvious benefit to the efficiency or the working
domain. Considering the wide applications of the reser-
voir engineering [4, 36–41], a natural question is whether
the further potentiality of the self-contained refrigerator
can be exploited by the properly engineered reservoirs.
In addition, how does the coexistence of the engineering
reservoirs and the natural background reservoirs affect
the thermodynamical behaviors of the refrigerator?
In this paper, we address these questions by restudy-
ing the self-contained refrigerator of three qubits within
2the strong internal coupling regime. Here we mainly
take into account the engineered reservoirs with some fre-
quency bands filtered out as well as the case with both
the engineered and the natural reservoirs coexisting. We
derive the master equation subject to the filtered reser-
voirs based on the Born-Markovian approximation and
study the thermal behaviors by solving the steady-state
heat currents with various filtering. It is found that in
the ideal case, i.e., without the background natural reser-
voirs, the refrigerator with filtering could have the higher
working efficiency or the larger working domain than that
without filtering. Furthermore, we show that the back-
ground natural vacuum reservoir could prohibit the heat
currents to occur in the system and the background nat-
ural thermal reservoir can greatly reduce the ability of
the machine working as a refrigerator. We would like to
emphasize that the huge potential of the self-contained
refrigerator is tapped by the proper application of the
engineered reservoirs associated with the strong internal
coupling which is the main difference from the previous
jobs [32, 34] where no obvious advantage was shown by
only enhancing the internal coupling but preserving the
natural reservoirs intact. This paper is organized as fol-
lows. In Sec. II, we derive the master equation with the
filtered reservoirs. In Sec. III, we show the steady-state
solution of the system and analyze the thermal behaviors
of the quantum thermal machine. Finally, the conclusion
is given in Sec. IV.
II. THE MODEL AND THE MASTER
EQUATION
To begin with, let’s first give a detailed introduction of
the model of our refrigerator system. Our model is very
similar to Refs. [24, 26]. As sketched in Fig. 1, this model
includes three interacting qubits, respectively, in contact
with a reservoir. The temperature of each reservoir will
be taken to be different. We denote the temperatures of
the reservoir as TC , TR and TH respectively, which we
will refer to as the “cold”, “room” and “hot” reservoirs.
Similarly, we denote the three qubits by C, R and H
corresponding to the different reservoirs they are inter-
acting with. The refrigerator means that the heat should
be extracted from the “cold” reservoir through qubit C.
The Hamiltonian of the three free qubits reads
H0 = HC +HR +HH (1)
where Hα =
ωα
2 σ
z
α with σ
z
α = |1〉α 〈1| − |0〉α 〈0|, α ={H,R,C}, and ωH , ωC and ωR = ωC + ωH denoting
the transition frequencies. In addition, we set the Planck
constant and the Boltzmann’s constant to be unit, i.e.,
~ = kB = 1 throughout the paper. The interaction
Hamiltonian of the three qubits is given by
HHRC = g
(
σ+Hσ
−
Rσ
+
C + σ
−
Hσ
+
Rσ
−
C
)
(2)
with σ+ = |1〉 〈0|, σ− = |0〉 〈1| and g denoting the cou-
pling strength. Thus the Hamiltonian of the closed inter-
acting system of the three qubits is HS = H0 +HHRC .
This Hamiltonian HS can be exactly diagonalized as
HS =
8∑
i=1
εi|λi〉〈λi| (3)
with
|ε〉 = [ε1, ε2, ε3, ε4, ε5, ε6, ε7, ε8]T
= [ωR, ωH , g,−ωC, ωC ,−g,−ωH,−ωR]T (4)
denoting the eigenvalues of HS and
|λ1〉 = |111〉 ; |λ2〉 = |110〉 ; |λ4〉 = |100〉 ;
|λ5〉 = |011〉 ; |λ7〉 = |001〉 ; |λ8〉 = |000〉 ;
|λ3〉 = |101〉+ |010〉√
2
; |λ6〉 = |101〉 − |010〉√
2
(5)
representing the corresponding eigenvectors. Now, let’s
the three qubits be, respectively, in contact with a ther-
mal reservoir which is described by a quantized radiation
field. The temperatures of three reservoirs are denoted
by TC , TR and TH , corresponding to the qubits C, R and
H. So the free Hamiltonian of the reservoirs can be given
by
HBα =
∑
k
̟ka
†
αkaαk (6)
and the Hamiltonian describing the interaction between
the qubits and the thermal reservoirs reads
HSB =
∑
αk
′
(
gαkσ
−
α a
†
αk + g
∗
αkσ
+
α aαk
)
, (7)
where gαk represents the coupling constant. Thus the
total Hamiltonian of the open system reads
H = HS +HB +HSB , HB =
∑
α
HBα . (8)
It should be noted that the superscript prime in Eq.
(7) means that some modes (frequency bands especially
centered with some certain frequency) in the reservoirs
are filtered out. Experimentally, such a filtered thermal
reservoir might be realized by a gas noise lamp and the
filter by a wave guide cutting off the certain frequen-
cies [9]. A similar application of the filtered reservoir
can also be found in Refs. [4]. In fact, with the reser-
voir engineering taken into account, the reservoir could
be directly tailored with the desired bath spectra by en-
gineering. In this sense, the ’filters’ in FIG. 1 are only
conceptually illustrated. In addition, different physical
systems that achieve the above Hamiltonian could re-
quire different reservoir engineerings [36–41].
To proceed, let’s derive the master equation that gov-
erns the dynamical evolution. To do so, we first ex-
pand the operators σ±α in the picture of HS . Thus one
will obtain a series of eigen-operators Aαj (ωαj) corre-
sponding to σ±α with the eigen-frequencies ωαj subject
3to [HS , A (ω)] = −ωA (ω) and A† (ω) = A (−ω). The
concrete forms of Aαj (ωαj) and its eigen-frequencies ωαj
are explicitly given in Appendix A. Using these eigen-
operators the Hamiltonian in the interaction picture can
be written as
HI(t) =
∑
αj
′
[
gαkAαj (ωαj) a
†
αke
−i(ωαj−̟αk)t
+ g∗αkA
†
αj (ωαj) aαke
i(ωαj−̟αk)t
]
. (9)
Following the standard derivation process and employ-
ing the Born-Markovian approximation and the secular
approximation [48], we can obtain the master equation
that governs the evolution of the density matrix ρ of the
open system. The key procedure is given in Appendix B.
Consequently, we arrive at
dρ
dt
=
∑
αj
′
[
J+αj
(
2A†αjρAαj −AαjA†αjρ− ρAαjA†αj
)
+ J−αj
(
2AαjρA
†
αj −A†αjAαjρ− ρA†αjAαj
)]
, (10)
where J+αj = γαjn(ωαj) and J
−
αj = γαj(1 + n(ωαj)) with
the mean photon number n (ωαj) defined by
n (ωαj) =
1
e
ωαj
Tα − 1
, (11)
and γα denoting the spontaneous emission rate (which
will be assumed to be independent of the frequency for
simplicity). It is obvious that J−αj(ωαj) = −J+αj(−ωαj).
In addition, throughout the paper we use the subscripts
to abbreviate the corresponding frequency, e.g., J±αj =
J±αj(ωαj), nαj = n(ωαj) for simplicity. The Markovian
approximation requires γαj ≪ |ωαj − ωα′j′ |.
Up to now, one could have noticed that the master
equation (10) including the Hamiltonian of our system
seems the same as the original three-qubit self-contained
refrigerator in the strong internal coupling regime except
the primes on the summary sign in Eq. (9) and Eq.
(10). However, we have to emphasize that the primes
are just the key points of our model. In usual, the reser-
voir is modeled by the infinite harmonic oscillators with
continuous frequencies from 0 to ∞. Here we use the
prime to emphasize that some frequencies will be filtered
out. In this way, the quite different thermodynamic be-
haviors will be shown. To see the difference, let’s briefly
recall one important design constraint on the refrigerator
within the weak internal coupling regime (i.e., neglecting
the primes and letting g << 1) [24], that is,
ωC
ωH
<
1− TRTH
TR
TC
− 1 , (12)
which essentially guarantees that the heat current can
flow out of the cold reservoir and simultaneously provides
an upper bound on the efficiency of the refrigerator. As
mentioned before, this constraint is also met in the strong
internal coupling regime [34].
Now we can turn to the case (with the primes) which
we are interested in this paper. From the eigen-operators
and the eigen-frequencies given in Appendix A, one can
find that each qubit α interacts with its reservoir by three
channels corresponding to the frequencies ωα, ωα ± g
well separated by the strong coupling g. Suppose the
frequency band centered by ωαj (the vicinity of ωαj) is
filtered out. The interaction term subject to the opera-
tor Aαj (ωαj) in Eq. (9) can be safely neglected based
on the rotating wave approximation (one can also ne-
glect it during the derivation of the master equation and
the result is the same). In other words, when some fre-
quencies ωαj are filtered out, we can just let the corre-
sponding Aαj (ωαj) = 0 for simplicity. This means that
in the ideal case the transition subject to Aαj (ωαj) is
completely idle.
III. HEAT CURRENTS AND COOLING
It has been shown that each qubit interacts with its
reservoir through three channels. Between each qubit
and its reservoir, one can filter one or two channels (fre-
quencies) out (If all the three channels are filtered out,
it is equivalent to the qubit disconnected with the en-
gineering reservoir), so there exist 6 methods to filter-
ing the channels. Considering the three qubits involved,
there are 63 = 216 cases corresponding to different num-
bers of channels kept. If we allow each qubit to interact
with its reservoir through only one channel, there will be
27 cases. In order to give a clear demonstration, here
we mainly study the cases with only one channel left for
each qubit without loss of generality. In all the cases, one
can always obtain an analytic description for the steady
state and different thermodynamic behaviors will be re-
vealed. However, their concrete forms are very tedious.
Therefore, we will study this problem in the following
two cases.
A. Without the background reservoir
As mentioned above, once some frequencies are filtered
out, the corresponding transitions will be idle, the corre-
sponding energy levels won’t take part in the interaction,
which is obviously an ideal case. In this case, we have
checked all possible filtering to keep only one channel for
each qubit. We find that 6 methods (divided into two
cases) can make the considered thermal machine achieve
the function of a refrigerator to cool the qubit C.
Reviving the inefficient refrigerator.- Suppose we only
keep the channels corresponding to the frequency bands
including the eigen-frequencies ωH3 = ωH+g, ωR2 = ωR,
ωC1 = ωC − g, and filter the channels corresponding to
the other eigen-frequencies out, the master equation (10)
becomes
dρ
dt
=
∑
α
Dα [ρ] , (13)
4where the dissipators Dα [ρ] are given by
Dα [ρ] =
[
J+αj
(
2A†αjρAαj −AαjA†αjρ− ρAαjA†αj
)
(14)
+ J−αj
(
2AαjρA
†
αj −A†αjAαjρ− ρA†αjAαj
)]
αj∈S
with S = {H3, R2, C1} denoting the index set.
To show the thermal behaviors of this model, we are
only interested in the steady-state case. So we have to
calculate the steady state ρS of Eq. (13) by solving dρ
S
dt =
0 which leads to an eight dimensional linear equation
array as
W |ρ〉 = 0, (15)
ρi6=j = 0,W =
∑
αj∈S
Wαj ,
where
WH3 = JH3 ⊗ (I+ ⊗ I− + I+ ⊗ I−),
WR2 = 2(I+ ⊗ JR2 ⊗ I+ + I− ⊗ JR2 ⊗ I−),
WC1 = C21(I+ ⊗ JC1 ⊗ I)C21,
|ρ〉 = [ρS11, ρS22, · · · , ρS88]T ,
with I =
(
1 0
0 1
)
, I± =
I±σz
2 , Cab denoting the C-NOT
gate with a as the control qubit, e.g. C21 = (σx ⊕ I)⊗ I
and Jαj =
( −J−αj J+αj
J−αj −J+αj
)
. Even though this linear
equation array (15) seems complicated, fortunately, it
is analytically solvable. Based on some algebra, one can
find Eq. (15) has 4 different solutions the nonzero entries
of which are given as follows
(i) ρS11 = 1; (ii) ρ
S
88 = 1; (16)
(iii) ρS2i,2i
∣∣
i≤3
=
K+i
N+
; (iv) ρS2i+1,2i+1
∣∣
i≤3
=
K−i
N−
; (17)
where
K±1\3 = 2
(
J±H3 + J
∓
C1
)
J±R2 + J
±
H3J
±
C1,
K±2\2 = 2
(
J±H3 + J
∓
C1
)
J∓R2 + J
∓
H3J
∓
C1,
K±3\1 = 2J
∓
R2J
±
C1 + J
∓
H3J
±
C1 + 2J
∓
H3J
±
R2,
with N± =
∑3
j=1K
±
j being the normalization constant
and the subscripts a\b corresponding to the label for K+a
and K−b . It is obvious that the multiple steady states
are of initial-state dependence. In other words, one can
control the system to evolve to the certain branch (steady
state) by choosing the proper initial state.
With such an explicit expression of the steady-state
density matrix, one can study all the properties of the
steady state of this non-equilibrium system. Since we
aim to reveal the thermodynamic behaviors of this sys-
tem as a refrigerator, we are only interested in the steady-
state heat currents. As we know, when a system interacts
with several reservoirs with the Hamiltonian of the sys-
tem denoted by HS , the dissipation procedure could be
described by many dissipators Dα which could be con-
nected with the same environment with different eigen-
frequencies or connected with different reservoirs. Each
Dα can be understood as a dissipation channel. In this
sense, the steady-state heat current for such an open sys-
tem can be defined as follows [49–51].
Q˙α = Tr{HSDα
[
ρS
]}, (18)
where ρS denotes the steady-state solution of the dissipa-
tive dynamics. Q˙α describes the heat currents exchanged
between the system and the reservoir through the given
channel Dα. Q˙α > 0 means that the heat flows from the
reservoir to the system, and Q˙α < 0 means that the heat
flows from the system into the reservoir.
Based on such a definition, one can easily find that the
heat current in our current model can be given by Q˙α =
〈ε|Wαj |ρ〉. Thus it is obvious that Q˙α = 0 in both cases
(i) and (ii) given in Eq. (16), but in the cases (iii) and
(iv) given in Eq. (17)
Q˙C = 2(ωC − g)J
+
H3J
−
R2J
+
C1 − J−H3J+R2J−C1
N+
,
Q˙H =
ωH + g
ωC − g Q˙C , Q˙R = −
(
Q˙H + Q˙C
)
, (19)
which means that both the cases (iii) and (iv) will provide
the same heat currents, even though they corresponds to
the different steady states. It is easy to see that Q˙H +
Q˙C + Q˙R = 0 indicating the conservation of energy. If
we only consider the three-qubit system as a refrigerator
working in the way that the heat is extracted from the
cold reservoir C by inputting certain heat from the hot
reservoirH, the efficiency will be able to be understood as
how much heat is extracted by consuming certain amount
of heat. A more rigorous analysis is given in Ref. [26].
Thus the efficiency η1 is given by
η1 =
Q˙C
Q˙H
=
ωC − g
ωH + g
, (20)
which is obviously far less than the normally-working ef-
ficiency ωCωH of the refrigerator without filtering, but one
will find from below that the filtering together with the
strong internal coupling can endow this thermal machine
much more power than the original refrigerator without
filtering.
Note that Q˙α > 0 means that the heat flows out of the
reservoir, so whether the heat can be extracted from the
cold reservoir depends on whether Q˙C is positive. Thus
one can find the cold reservoir C can be cooled if and
only if
J+H3J
−
R2J
+
C1 > J
−
H3J
+
R2J
−
C1. (21)
Eq. (21) can be rewritten as
ωC − g
ωH + g
<
1− TRTH
TR
TC
− 1 . (22)
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FIG. 2. (Color online) The heat currents Q˙µ/ωC [J/s] versus
TH [K]. The solid yellow line, the dashed red line and the dash-
dotted blue line correspond to Q˙R, Q˙H , Q˙C , respectively. The
horizontal solid line shows the zero values. The vertical dotted
lines are used to distinguish the four different stages defined
in Eq. (41). With TH increasing, the four regions from left to
right sequentially correspond to the four stages from Stage 1
to Stage 4. Here ωC = 2pi × 210GHz, ωH = 3ωC , TC = 10K,
TR = 40K, T0 = 12K, γ = 0.6ωC .
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FIG. 3. (Color online)The heat currents Q˙Bµ /ωC [J/s] versus
TH [K]. The solid yellow line, the dashed red line and the dash-
dotted blue line correspond to Q˙BR, Q˙
B
H , Q˙
B
C , respectively. The
vertical dotted lines and all the parameters are used the same
as Fig. 2.
Compared with Eq. (12), one can easily see that the
original self-contained refrigerator without filtering can’t
extract any heat from the cold reservoir if
1−
TR
TH
TR
TC
−1
< ωCωH .
However, if it happened that the condition in Eq. (21) or
Eq. (22) is satisfied, we can filter some frequencies out as
above to enable the thermal machine to work normally
as a refrigerator. In other words, there exists a region
ωC−g
ωH+g
<
1−
TR
TH
TR
TC
−1
< ωCωH such that the original refrigerator
fails to cool the cold reservoir but our current thermal
machine can work well. Of course, one can enhance the
coupling g to enlarge the working region. This is also
a demonstration of the advantage of the strong internal
coupling. We would like to emphasize that the above
breakthrough in our model doesn’t violate the second law
of the thermodynamics. To see this, let’s consider the
entropy production rate in the open system. It is shown
in Ref. [48] that the non-equilibrium thermodynamics
obeys a balance equation as
σ =
dS
dt
+ J, (23)
where S is the von Neumann entropy of the system and
J denotes the entropy flux due to the changes of the
systematic internal energy resulting from the dissipation
D(·). J is defined as
J = − 1
T
d
dt
∣∣∣∣
diss
Tr {HSρ} = − 1
T
Tr {HSD(ρ)} (24)
with HS and ρ are the Hamiltonian and the state of the
system, respectively, and the subscript means the entropy
change due to the dissipative effects. The second law is
guaranteed if σ > 0. Considering the open system in the
steady state, the density matrix of the system is indepen-
dent of time, so dSdt = 0 and Tr {HSD(ρ)} =
∑
α
Q˙α
Tα
with
the heat current given in Eq. (18) taken into account.
Thus the second law essentially corresponds to
σ = −
∑
α
Q˙α
Tα
> 0. (25)
Now let’s turn to our current model. From Eq. (22)
and Eq. (19), one can easily obtain that σ = − Q˙HTH −
Q˙C
TC
− Q˙RTR > 0, which coincides with the second law of
thermodynamics.
In addition, one can easily check that the similar
conclusion can also be obtained if we only keep the
bands including the eigen-frequencies {ωH1 = ωH , ωR1 =
ωR − g, ωC1 = ωC − g} or only keep the bands including
{ωH3 = ωH + g, ωR3 = ωR + g, ωC3 = ωC} and filter
the bands corresponding to the other eigen-frequencies
out. All the details are completely parallel, so they are
omitted here.
High working efficiency.- The above filtering method
shows that our thermal machine can work as a refriger-
ator in some scenario when the original self-contained
refrigerator without filtering doesn’t work, but this is
not the whole story. Let’s consider another filtering
method, i.e., only keeping the channels including the
eigen-frequencies ωH3 = ωH−g, ωR2 = ωR, ωC1 = ωC+g.
Repeating all the above procedure, one can also calculate
the heat currents. However, we are interested in the effi-
ciency which is given by
η2 =
Q˙C
Q˙H
=
ωC + g
ωH − g , (26)
and the cooling condition which is given by
ωC + g
ωH − g <
1− TRTH
TR
TC
− 1 . (27)
6It is apparent that the efficiency η2 is much larger than
ωC
ωH
, but the working region given by Eq. (27) is far less
than that in Eq. (12). This means that even though
the work region is shrunk compared with the original
self-contained refrigerator without filtering, the working
efficiency can be increased.
Similarly, the large efficiency can also be achieved
by only keeping the channels corresponding to {ωH1 =
ωH , ωR3 = ωR + g, ωC2 = ωC + g} or only keeping the
channels with {ωH2 = ωH −g, ωR2 = ωR−g, ωC2 = ωC}.
B. With the background thermal reservoirs
The above case is ideal, i.e., if the energy levels don’t
take part in the interaction, they will be completely idle.
However, in the practical scenario, the considered three
qubits H, R and C cannot be isolated from their sur-
roundings, even though we don’t impose the three reser-
voirsH, R and C of interest. In other words, there should
exist the background thermal reservoirs which could have
the common/different temperatures closely related to the
three qubits H, R and C. In this sense, the three qubits
interact with their related thermal reservoirs of our in-
terest, at the same time, they will interact with their
background thermal reservoirs. Therefore, the master
equation (10) should be
dρ
dt
=
∑
α
′Dα [ρ] +
∑
β
DBβ [ρ] (28)
where
∑
α
′Dα [ρ] describes the interaction with the three
filtered thermal reservoirs of interest and
∑
β
DBβ [ρ] cor-
responds to the interaction with the background thermal
reservoirs. In order to show the effects of the background
reservoirs, we would like to study this filtered thermal
machine in the following two cases.
With the vacuum thermal reservoirs.-In this case, we
first suppose the background reservoirs are of zero tem-
perature. It could be a trivial case in the practical sce-
nario, because the qubit C can be directly contacted with
the vacuum reservoir and the heat will spontaneously
flow from the cold reservoir to the vacuum reservoir, since
it can be placed in a vacuum background reservoir. After
all, here we focus on the effects of the three-qubit inter-
action in this paper, so we requires that the three-qubit
interaction isn’t allowed to abandon.
One could still intuitively think that all the cold, the
room and the hot reservoirs to be the ”hot thermal
sources” and the vacuum reservoirs to be the ”cold ther-
mal sources”. The net result is that the heat would spon-
taneously flow from the hot thermal sources (the three
reservoirs of our interest) to the cold thermal source (vac-
uum). Even if the cold qubit C was cooled, this is at-
tributed to the trivial heat transport from the hot to the
cold thermal sources. Such an intuitive understanding
can be demonstrated by only keeping the channels with
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FIG. 4. (Color online) The efficiency versus TH [K]. The neg-
ative efficiency means the different directions of heat currents
Q˙C and Q˙H . The horizontal solid line shows the value zero.
the eigen-frequencies {ωH2 , ωR1, ωC3}. The detailed re-
sults on the heat currents are analytically given in the
Appendix C. However, we would like to emphasize that
this is not always the case. The steady-state heat cur-
rents could be forbidden through the system despite of
the three-qubit interaction.
To show the details, let’s consider an example with
only the frequencies in the set S = {H3, R2, C1} kept
like that in the above section. Considering the vacuum
background reservoir, the master equation (28) can be
concretely given with the specified dissipators Dα [ρ] with
αj ∈ S the same as Eq. (14) and
DBβ [ρ] = γβj
(
2AβjρA
†
βj −A†αjAβjρ− ρA†βjAβj
)
(29)
with βj covering all potential energy levels.
Similarly, we need to solve the steady-state solution of
Eq. (28) by solving dρ
S
dt = 0. The corresponding linear
equation array can be given by
(W −Wγ) |ρ〉 = 0, (30)
where Wγ =
∑
αjW
γ
αj , with
W γH1 = 2ΓH1 ⊗ (I+ ⊗ I+ + I− ⊗ I−) , (31)
W γH2 = I⊗ C23 (ΓH2 ⊗ I−)C†23, (32)
W γH3 = ΓH3 ⊗ (I+ ⊗ I− + I− ⊗ I+) , (33)
W γR1 = (I+ ⊗ ΓR1 ⊗ I+ + I− ⊗ ΓR1 ⊗ I−) , (34)
W γR2 = 2 (I+ ⊗ ΓR2 ⊗ I− + I− ⊗ ΓR2 ⊗ I+) (35)
W γR3 = C13 (ΓR3 ⊗ I⊗ I+)C†13, (36)
W γC1 = C21 (I− ⊗ ΓC1 ⊗ I)C†21 (37)
W γC2 = (I+ ⊗ I− + I− ⊗ I+)⊗ ΓC2, (38)
W γC3 = 2 (I+ ⊗ I+ + I− ⊗ I−)⊗ ΓC3, (39)
and Γαj =
( −γαj 0
γαj 0
)
. It is surprising that Eq. (30)
has the unique solution ρS = |000〉 〈000| corresponding
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FIG. 5. (Color online) The entropy production rate σ/ωC
[J/Ks] versus TH [K], where σ is defined by σ = −
∑
Q˙α
Tα
−
∑ Q˙Bα
T0
. All the parameters are the same as Fig. 1.
to ρS88 = 1. Thus one can easily check that no steady-
state heat current occurs between the reservoirs and the
system. The reason is that the vacuum induced spon-
taneous emission is much stronger than the absorption
process induced by the three thermal reservoirs H, R and
C. Therefore, the system is completely decohered to the
ground state when it reaches the steady state and no ex-
citation could be induced, so the three qubits seem to be
isolated with each other and no heat current could occur.
With the general thermal reservoirs.-Now let’s con-
sider that the three qubits H, R and C are immersed
in their background thermal reservoirs with the temper-
ature T0 (one can also consider the case with different
temperatures, but the principle is the same). In this
case, the master equation is also given by Eq. (28) and
the dissipators Dα [ρ] are the same as Eq. (14) with
αj ∈ S = {H3, R2, C1} and DBβ [ρ] should take the same
form as Eq. (10) with βj covering all potential energy
levels, i.e., βj = Hj,Rj, Cj, j = 1, 2, 3. Similarly, we
need to solve steady state of the master equation which
is formally given by
∑
α
′Dα [ρ] +
∑
β
DBβ [ρ] = 0, (40)
However, the analytic solution of Eq. (40) is too tedious,
so we have to study the thermal behaviors via the numeri-
cal procedure. To be clear, we use Q˙α = Tr{HSDα
(
ρS
)},
as previously, to denote the heat currents between the
qubit α and the thermal reservoir α, and use Q˙Bα =
Tr{HSDBα
(
ρS
)} to represent the heat current between
the qubit α and its background thermal reservoir.
We have plotted the heat currents Q˙α in FIG. 2 and
Q˙Bα in FIG. 3 versus the temperature TH of the hot
reservoir, where ωC = 2π × 210GHz, ωH = 3ωC , TC =
10K,TR = 40K, γ = 0.6ωC. We set T0 = 12K which
is a reasonable value compared with TC and TR. It is
easy to check that the condition given in Eq. (1) cannot
be satisfied no matter what TH is. This means that the
original self-contained refrigerator without filtering can-
not extract any heat from the cold reservoir C. However,
from Fig. 2, we can easily see that there is the positive
heat current flowing from the reservoir C to the qubit C
which means the heat is successfully extracted.
In order to indicates the different roles of both the
engineered reservoirs and the background reservoirs, we
have to analyze the behaviors of the heat currents by
comparing FIG. 2 with FIG. 3. At first, one can note
that in FIG. 2, the behaviors of the heat currents with the
temperature TH increasing can be divided into 4 stages
as follows.
Stage 1 : {Q˙C < 0, Q˙H < 0, Q˙R > 0}
Stage 2 : {Q˙C < 0, Q˙H > 0, Q˙R > 0}
Stage 3 : {Q˙C > 0, Q˙H > 0, Q˙R > 0}
Stage 4 : {Q˙C > 0, Q˙H > 0, Q˙R < 0}
(41)
The four stages are marked by the vertical dotted lines
both in FIG. 2 and FIG. 3. At stage 1, TH is the small-
est, and TR is the largest. The reservoir R serves as a
hot thermal source and the others including the back-
ground reservoirs serve as the cold thermal sources. So
the heat flows from the reservoirR to the other reservoirs.
Namely, from FIG. 2 one can see Q˙R > 0 and Q˙H/C < 0
and from FIG. 3 one can find Q˙BH/R/C < 0 with the sub-
scripts A/B denoting A or B. At stage 2, TH is slightly
increased and compared with stage 1, one can find from
Fig. 2 that only the direction of Q˙H becomes opposite
and all the others unchanged. This should be under-
stood as a transitional period before qubit C is cooled.
At stage 3, from FIG. 2, one can see that Q˙C > 0 which
means that the heat has been extracted from the reser-
voir C and the system begins to work as a refrigerator.
But at this stage, the heat current Q˙R > 0 which is a
different behavior compared with the original refrigera-
tor with the weak internal coupling. In the regime of the
weak internal coupling [24, 34], the heat is extracted from
the reservoir C and emitted into the reservoir R. But in
the current model with the background reservoir, it can
be found in FIG. 3 that, Q˙BH/R < 0 which means that
the heat is emitted into the background reservoirs. In
particular, the background reservoir of qubit C has also
been cooled when TH becomes larger, which is shown by
Q˙BC > 0 for the large TH (cf. FIG. 3). At stage 4, it
is shown in FIG. 2 that {Q˙C > 0, Q˙H > 0, Q˙R < 0}
which is very similar to the refrigerator with the weak
internal coupling [24, 34], and shown in FIG. 3 that
{Q˙BC > 0, Q˙BH < 0, Q˙BR < 0}, which shows that the heat
is extracted from both the reservoir C and its relevant
background reservoir C, but the heat is emitted into the
reservoir R, the background reservoirs H and R. Fig. 4
shows that the efficiency η = Q˙C
Q˙H
versus the temperature
TH . It is similar to the strong-internal-coupling refrig-
erator that the efficiency increases with the increasing
TH . The negative ”efficiency” implies that the two heat
currents Q˙C and Q˙H have the different directions which
indicates that the qubit C is heated. Compared with
8the efficiency (ωC−gωH+g =
2
15 ) in the ideal case given in Eq.
(20), one can find that the background reservoir greatly
reduces the efficiency. As mentioned above, the validity
of the second law of the thermodynamics is guaranteed by
Eq. (25). In the current case, one can find that the pro-
duction rate of entropy is given by σ = −∑ Q˙αTα −∑ Q˙
B
α
T0
.
We plot σ versus TH in FIG. 5. It is shown that σ > 0,
which implies the second law of the thermodynamics is
satisfied.
IV. DISCUSSION AND CONCLUSION
Before the end, we would like to emphasize again that
the filter could be only conceptually present. Based
on the reservoir engineering, one can directly generate
or simulate the reservoir with the desired spectra. In
other words, the reservoir engineering per se produces
the reservoir with frequency cut off instead of an ideal
thermal bath [4, 40]. So the filter has been absorbed
in the engineering technique. In addition, if the filter
was used, it should be heated up. This effect including
its analogs generated in the reservoir engineering actually
has been considered as the additional natural background
reservoir.
In summary, we studied the self-contained refrigerator
composed of three qubits and the filtered thermal reser-
voir in the strong internal coupling regime. We have
shown that the reservoir filtering can endow the self-
contained refrigerator more power: The refrigerator with
filtering could have the high working efficiency and the
large working domain in contrast to the refrigerator with-
out filtering. In addition, we consider the effects of the
background natural reservoirs. The background natural
vacuum reservoir in the current model could lead to that
the refrigerator doesn’t work (even via the heat conduc-
tivity), which could be different from what we intuitively
expect. The background natural thermal reservoir can
greatly reduce the cooling ability of the self-contained
refrigerator in the case of the filtered reservoirs. This
could shed new light on the self-contained refrigerator in
the practical scenario.
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Appendix A: Eigen-operators of the system and Hamiltonian
Using the eigen-vectors {|λi〉} of the Hamiltonian HS , the operators σ±α can be expanded as σ−α ⊗ I =∑
ij
|λi〉 〈λi|σ−α |λj〉 〈λj | =
∑
αj
Aαj (ωαj), where Aαj (ωαj) is the eigen-operator corresponding to the eigen-frequency
ωαj subject to [HS , A (ω)] = −ωA (ω) and A† (ω) = A (−ω). Concretely, Aαj (ωαj) can be explicitly given by
AH1 = |λ5〉 〈λ1|+ |λ8〉 〈λ4| , ωH1 = ωH , (A1)
AH2 =
1√
2
(|λ3〉 〈λ2|+ |λ7〉 〈λ6|) , ωH2 = ωH − g, (A2)
AH3 =
1√
2
(|λ7〉 〈λ3| − |λ6〉 〈λ2|) , ωH3 = ωH + g, (A3)
AR1 =
1√
2
(|λ3〉 〈λ1| − |λ8〉 〈λ6|) , ωR1 = ωR − g, (A4)
AR2 = |λ4〉 〈λ2|+ |λ7〉 〈λ5| , ωR2 = ωR, (A5)
AR3 =
1√
2
(|λ8〉 〈λ3|+ |λ6〉 〈λ1|) , ωR3 = ωR + g, (A6)
AC1 =
1√
2
(|λ3〉 〈λ5|+ |λ4〉 〈λ6|) , ωC1 = ωC − g, (A7)
AC2 =
1√
2
(|λ4〉 〈λ3| − |λ6〉 〈λ5|) , ωC2 = ωC + g, (A8)
AC3 = |λ2〉 〈λ1|+ |λ8〉 〈λ7| , ωC3 = ωC . (A9)
Thus, the Hamiltonian in the interaction picture (i.e., based on the above eigen-operators) can be given by Eq. (9).
9Appendix B: DERIVATION OF THE MASTER EQUATION
Following the standard procedure within the Born-Markovian approximation [48], one can obtain the master equa-
tion as
dρS
dt
= −
∞∫
0
dsT rB[HI(t), [HI(t− s), ρS ⊗ ρB ]] (B1)
with ρB =
e−HH/TH
ZH
⊗ e−HR/TRZR ⊗ e
−HC/TC
ZC
with Zα = Tre
−Hα/Tα denoting the partition functions. Rewriting Eq. (9)
as
HI(t) =
∑
αj
′
[
Aαj (t)B
†
α(t) +A
†
αj (t)Bα(t)
]
(B2)
with Aαj (t) = Aαj (ωαj) e
−iωαjt and Bα(t) =
∑
k
′gαaαe
−i̟αkt and substituting HI(t) given in Eq. (9) into Eq. (B1),
one can arrive at
dρS
dt
=
∑
αj
′
[〈
B†α(t)Bα(t− s)
〉 (
AαjρSA
†
αj −A†αjAαjρS
)
+
〈
Bα(t)B
†
α(t− s)
〉 (
A†αjρSAαj −AαjA†αjρS
)]
+ h.c., (B3)
where J+αj =
〈
B†α(t)Bα(t− s)
〉
and J−αj =
〈
Bα(t)B
†
α(t− s)
〉
with
〈
B†α(t)Bα(t− s)
〉
=
∫ ∞
0
dse−iωαjs
∑
k
′ |gαk|2 Tr
{
ρBa
†
αkaαk
}
. (B4)
To derive Eq. (B3), we have employed the secular approximation, i.e.,
∣∣〈B†α(t)Bα(t− s)〉∣∣ ≪ |ωα − ωα′ ± g| with
α, α′ = R,H,C, we can neglect the terms with the high-frequency oscillations ei(ωα−ωα′ ±g)t. In addition, we also use
that
〈
B†α(t)Bβ(t− s)
〉
= 0 for α 6= β. Finally, with a reasonable spectral density J (ω) = ∑k |gαk|2 δ (̟k − ω), one
can express J±αj = γαj(±ωαj)(1 + n(±ωαj)) with an odd function γαj(±ωαj). From J (ω), one can easily find that
J±αj will vanish once ω is filtered out of the ̟k due to the delta function δ (̟k − ω). Consequently, there won’t be
the corresponding dissipative terms to the filtered frequency in the dissipator. This means that the transition subject
to Aαj (ωαj) is completely idle. Thus one can directly let Aαj (ωαj) = 0 or γαj(ωαj) = 0 once the corresponding
frequency is filtered out.
Appendix C: Heat transport with the vacuum background reservoir
Now let’s consider another case, i.e., keeping the frequencies {ωH2 , ωR1, ωC3}. Following the same procedure given
in the main text, one can also establish the corresponding master equation and find the linear equation array for the
steady state. For simplicity, we let γαj = γ independent of the frequency. Thus the steady-state solution with the
nonzero entries can be analytically solved as
ρS44 =
ρS66
2
=
K
2 (L+N) + 3K
,
ρS77 =
L
K
ρS66, ρ
S
88 =
N
K
ρS66, (C1)
where
K = J+H2J
+
R1 + 2J
+
H2J
+
C3 + 2J
+
R1J˜
−
C3,
L =
(
J+R1 + 2J
+
C3
)
J˜−H2 + 2J
+
C3
(
J˜−R1 + γ
)
,
N = J+H2
(
J˜−R1 + γ
)
+ 2
(
J˜−H2 + J˜
−
R1 + γ
)
J˜−C3,
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with J˜−αj = J
−
αj + γ. Accordingly, the heat currents can be given by
Q˙C = 2ωCγ
NJ+C3 − LJ−C3
K
ρS66, (C2)
Q˙H = (ωH − g) LJ
+
H2 −KJ−H2
K
γρS66, (C3)
Q˙R = − (ωR − g) KJ
−
R1 −NJ+R1
K
γρS66, (C4)
Q˙BH = − (2ωH − g) γρS66, (C5)
Q˙BC = −(ωR − g)γρS66, Q˙BC = −(
L+K
K
ωC − g)γρS66. (C6)
Here we use Q˙α with α = {H,R,C} to denote the heat current between the system and the filtered reservoir α and use
Q˙Bα to represent the heat current between the system and the background vacuum reservoir contacted with qubit α.
Thus one can check that that Q˙C+Q˙
B
C+Q˙H+Q˙
B
H+ Q˙R = 0 coinciding with the conservation of energy. In particular,
one can find that Q˙α > 0 and Q˙
B
α < 0 are always satisfied. So the cooling effect on the qubit C is attributed to the
heat transport to the vacuum reservoirs. In addition, the heat currents Q˙Bα related to the vacuum reservoirs (with
zero temperature) produce infinite positive entropy flow, which guarantees the second law of the thermodynamics.
[1] G. Gemma, M. Michel, and G. Mahler, Quantum Ther-
modynamics, Springer, 2004.
[2] A. E. Allahverdyan, R. Balian, and T. M. Nieuwen-
huizen, Quantum thermodynamics: Thermodynamics at
the nanoscale, J. Mod. Opt. 51, 2703 (2004).
[3] E. Geva, and R. Kosloff, The quantum heat engine
and heat pump: An irreversible thermodynamic analy-
sis of the three-level amplifier, J. Chem. Phys. 104, 7681
(1996).
[4] D. Gelbwaser-Klimovsky, R. Alicki, and G. Kurizki, Min-
imal universal quantum heat machine, Phys. Rev. E 87,
012140 (2013).
[5] L. A. Correa, Multistage quantum absorption heat
pumps, Phys. Rev. E 89, 042128 (2014).
[6] D. Gelbwaser-Klimovsky, and G. Kurizki, Heat-machine
control by quantum-state preparation: From quantum
engines to refrigerators, Phys. Rev. E 90, 022102 (2014).
[7] B. Leggio, B. Bellomo, and M. Antezza, Quantum ther-
mal machines with single nonequilibrium environments,
Phys. Rev. A 91, 012117 (2015).
[8] R. Uzdin, A. Levy, and R. Kosloff, Equivalence of Quan-
tum Heat Machines, and Quantum-Thermodynamic Sig-
natures, Phys. Rev. X 5, 031044 (2015).
[9] H. E. D. Scovil, and E. O. Schulz-DuBois, Three-level
masers as heat engines, Phys. Rev. Lett. 2, 262 (1959).
[10] E. Geva, and R. Kosloff, A quantum-mechanical heat
engine operating in finite time: A model consisting of
spin- 1
2
systems as the working fluid, J. Chem. Phys. 96,
3054 (1992).
[11] E. Geva, and R. Kosloff, Three-level quantum amplifier
as a heat engine: A study in finite-time thermodynamics,
Phys. Rev. E 49, 3903 (1994).
[12] T. E. Humphrey, R. Newbury, R. P. Taylor, and H. Linke,
Reversible Quantum Brownian Heat Engines for Elec-
trons, Phys. Rev. Lett. 89, 116801 (2002).
[13] H. T. Quan, Yu-xi Liu, C. P. Sun, and F. Nori, Quantum
thermodynamic cycles and quantum heat engines, Phys.
Rev. E 76, 031105, (2007).
[14] T. Feldmann, and R. Kosloff, Quantum four-stroke heat
engine: Thermodynamic observables in a model with in-
trinsic friction, Phys. Rev. E 68, 016101 (2003).
[15] B. Sothmann, and M. Bu¨ttiker, Magnon-driven
quantum-dot heat engine, Europhysics Letters, 99, 27001
(2012).
[16] O. Abah, J. Roßnagel, G. Jacob, S. Deffner, F. Schmidt-
Kaler, K. Singer, and E. Lutz, Single-Ion Heat Engine at
Maximum Power, Phys. Rev. Lett. 109, 203006, (2012).
[17] J. Roßnagel, and O. Abah, F. Schmidt-Kaler, K. Singer,
and E. Lutz, Nanoscale Heat Engine Beyond the Carnot
Limit, Phys. Rev. Lett. 112, 030602 (2014).
[18] J. Roßnagel, S. T. Dawkins, K. N. Tolazzi, O. Abah, E.
Lutz, and F. Schmidt-Kaler, and K. Singer, A single-
atom heat engine, Science 352, 325 (2016).
[19] J. Geusic, E. Bois, R. De Grasse, and H. Scovil, Three
level spin refrigeration and maser action at 1500 mc/sec.
Journal of Applied Physics 30, 11131114 (1959).
[20] J. E. Geusic, E. O. Schulz-DuBios, and H. E. D. Scovil,
Quantum Equivalent of the Carnot Cycle, Phys. Rev.
156, 343 (1967).
[21] T. Feldmann, and R. Kosloff, Performance of discrete
heat engines and heat pumps in finite time, Phys. Rev.
E 61, 4774 (2000).
[22] D. Segal, and A. Nitzan, Molecular heat pump, Phys.
Rev. E 73, 026109 (2006).
[23] R. Kosloff, and T. Feldmann, Optimal performance
of reciprocating demagnetization quantum refrigerators,
Phys. Rev. E 82, 011134 (2010).
[24] N. Linden, S. Popescu, and P. Skrzypczyk, How small can
thermal machines be? The smallest possible refrigerator,
Phys. Rev. Lett. 105, 130401 (2010).
[25] R. Renner, The fridge gate, Nature 482, 164 (2012).
[26] P. Skrzypczyk, N. Brunner, N. Linden, and S. Popescu,
The smallest refrigerators can reach maximal efficiency,
J. Phys. A: Math.Theo. 44, 492002 (2011).
11
[27] A. Levy, and R. Kosloff, Quantum Absorption Refriger-
ator, Phys. Rev. Lett. 108, 070604 (2012).
[28] N. Brunner, M. Huber, N. Linden, S. Popescu, R. Silva,
and P. Skrzypczyk, Entanglement enhances cooling in
microscopic quantum refrigerators, Phys. Rev. E 89,
032115 (2014).
[29] J. B. Brask, and N. Brunner, Small quantum absorp-
tion refrigerator in the transient regime: Time scales,
enhanced cooling, and entanglement, Phys. Rev. E 92,
062101 (2015).
[30] L. A. Correa, J. P. Palao, D. Alonso, and G. Adesso,
Quantum-enhanced absorption refrigerators, Sci. Rep. 4,
3949 (2014).
[31] N. Brunner, N. Linden, S. Popescu, and P. Skrzypczyk,
Virtual qubits, virtual temperatures, and the foundations
of thermodynamics, Phys. Rev. E 85, 051117 (2012).
[32] L. A. Correa, J. P. Palao, G. Adesso, and D. Alonso, Per-
formance bound for quantum absorption refrigerators,
Phys. Rev. E 87, 042131 (2013).
[33] M. T. Mitchison, M. P. Woods, J. Prior, and M. Huber,
Coherence-assisted single-shot cooling by quantum ab-
sorption refrigerators, New J. Phys., 17, 115013 (2015).
[34] Chang-shui Yu, and Qing-yao Zhu, Re-examining
the self-contained quantum refrigerator in the strong-
coupling regime, Phys. Rev. E 90, 052142 (2014).
[35] P. P. Hofer, M. Perarnau-Llobet, J. B. Brask, R. Silva, M.
Huber, and N. Brunner, Autonomous quantum refriger-
ator in a circuit QED architecture based on a Josephson
junction, Phys. Rev. B 94, 235420 (2016).
[36] A. Kofman, G. Kurizki, and B. Sherman, Spontaneous
and Induced Atomic Decay in Photonic Band Structures,
J. Mod. Opt. 41, 353 (1994).
[37] J. F. Poyatos, J. I. Cirac, and P. Zoller, Quantum reser-
voir engineering with laser cooled trapped ions, Phys.
Rev. Lett. 77, 4728 (1996).
[38] A. Sarlette, J. M. Raimond, M. Brune, and P. Rouchon,
Stabilization of Nonclassical States of the Radiation Field
in a Cavity by Reservoir Engineering, Phys. Rev. Lett.
107, 010402 (2011).
[39] C. J. Myatt, B. E. King, Q. A. Turchette, D. Kielpinski,
W. M. Itano, C. Monroe, and D. J. Wineland, Deco-
herence of quantum superpositions through coupling to
engineered reservoirs, Nature 403, 269 (2000).
[40] S. Gro¨blacher, A. Trubarov, N. Prigge, G. D. Cole, M.
Aspelmeyer, and J. Eiser, Observation of non-Markovian
micromechanical Brownian motion, Nat. Commu. 6,
7606 (2015).
[41] C. Elouard, N. K. Bernardes, A. R. R. Carvalho, M. F.
Santos, and A. Auffe´ves, Probing quantum fluctuation
theorems in engineered reservoirs, arXiv: 1702.06811v1
[quant-ph].
[42] Y. X. Chen, and S. W. Li, Quantum refrigerator driven
by current noise, Europhysics Letters, 97, 40003 (2012).
[43] D. Venturelli, R. Fazio, and V. Giovannetti, Minimal self-
contained quantum refrigeration machine based on four
quantum dots. Phys. Rev. Lett. 110, 256801 (2013).
[44] L. A. Correa, J. Palao, G. Adesso, and D. Alonso, Opti-
mal performance of endoreversible quantum refrigerators,
Phys. Rev. E 90, 062124 (2014).
[45] A. Mari, and J. Eisert, Cooling by Heating: Very Hot
Thermal Light Can Significantly Cool Quantum Systems,
Phys. Rev. Lett. 108, 120602 (2012).
[46] D. Venturelli, R. Fazio, and V. Giovannetti, Minimal
Self-Contained Quantum Refrigeration Machine Based
on Four Quantum Dots, Phys. Rev. Lett. 110, 256801
(2013).
[47] R. Silva, G. Manzano, P. Skrzypczyk, and N. Brunner,
Performance of autonomous quantum thermal machines:
Hilbert space dimension as a thermodynamical resource,
Phys. Rev. E 94, 032120 (2016).
[48] H. P. Breuer, and F. Petruccione, The Theory of Open
Quantum Systems, (Oxford University Press, Oxford,
U.K., 2002).
[49] R. Alicki, The quantum open system as a model of the
heat engine, J. Phys. A 12, L103 (1979).
[50] E. Boukobza, and D. J. Tannor, Thermodynamics of bi-
partite systems: Application to light-matter interactions,
Phys. Rev. A 74, 063823 (2006).
[51] M. Youssef, and G. Mahler, Quantum optical thermody-
namic machines: Lasing as relaxation, Phys. Rev. E 80,
061129 (2009).
